Let k be a positive integer and G be a k-connected graph. In 2009, Chartrand, Johns, McKeon, and Zhang introduced the rainbow k-connection number rc k (G) of G. An edge-coloured path is rainbow if its edges have distinct colours. Then, rc k (G) is the minimum number of colours required to colour the edges of G so that any two vertices of G are connected by k internally vertex-disjoint rainbow paths. The function rc k (G) has since been studied by numerous researchers. An analogue of the function rc k (G) involving vertex colourings, the rainbow vertex k-connection number rvc k (G), was subsequently introduced. In this paper, we introduce a version which involves total colourings. A total-coloured path is total-rainbow if its edges and internal vertices have distinct colours. The total rainbow k-connection number of G, denoted by trc k (G), is the minimum number of colours required to colour the edges and vertices of G, so that any two vertices of G are connected by k internally vertex-disjoint total-rainbow paths. We study the function trc k (G) when G is a cycle, a wheel, and a complete multipartite graph. We also compare the functions rc k (G), rvc k (G), and trc k (G), by considering how close and how far apart trc k (G) can be from rc k (G) and rvc k (G).
Introduction
In this paper, all graphs are finite, simple, and undirected. For undefined terms in graph theory, we refer the reader to the book by Bollobás [1] . A set of internally vertex-disjoint paths will be called disjoint. An edge-coloured path is rainbow if its edges have distinct colours. For a positive integer k, an edge-colouring of a k-connected graph G, not necessarily proper, is rainbow k-connected if any two vertices of G are connected by k disjoint rainbow paths. The rainbow k-connection number of G, denoted by rc k (G), is the minimum integer t such that there exists a rainbow k-connected colouring of G using t colours. By Menger's theorem [13] , a graph is k-connected if and only if any two vertices are connected by k disjoint paths. Hence, rc k (G) is well-defined if and only if G is k-connected. The function rc k (G) was first introduced by Chartrand et al. ( [2] for k = 1 in 2008, and [3] for general k in 2009) and has since been very well-studied. For an overview of the rainbow connection subject, we refer the reader to the survey by Li et al. [8] , and the book by Li and Sun [11] .
A vertex-coloured path is vertex-rainbow if its internal vertices have distinct colours. A vertex-colouring of a k-connected graph G, not necessarily proper, is rainbow vertex kconnected if any two vertices of G are connected by k disjoint vertex-rainbow paths. The rainbow vertex k-connection number of G, denoted by rvc k (G), is the minimum integer t such that there exists a rainbow vertex k-connected colouring of G using t colours. Again, rvc k (G) is well-defined if and only if G is k-connected. The function rvc k (G) was introduced by Krivelevich and Yuster [7] (for k = 1 in 2010), and by the authors [12] (for general k in 2012).
Here, we consider an analogous function using total colourings. A total-coloured path is total-rainbow if its edges and internal vertices have distinct colours. A total colouring of a k-connected graph G, not necessarily proper, is total-rainbow k-connected if any two vertices of G are connected by k disjoint total-rainbow paths. The total rainbow k-connection number of G, denoted by trc k (G), is the minimum integer t such that, there exists a total-rainbow k-connected colouring of G using t colours. We have trc k (G) is well-defined if and only if G is k-connected. We write trc(G) for trc 1 (G), and similarly for rc(G) and rvc(G).
For a non-trivial connected graph G, many observations about the function trc k (G) can be made. We have trc(G) = 1 if and only if G is a complete graph, and trc(G) ≥ 3 if G is not complete. A simple upper bound is trc(G) ≤ n − 1 + q, where |V (G)| = n and q is the number of vertices of G with degree at least 2, and equality holds if and only if G is a tree (see Proposition 1). If G is k-connected, then trc k (G) ≥ 3 if k ≥ 2, and trc k (G) ≥ 2 diam(G) − 1 for k ≥ 1, where diam(G) denotes the diameter of G. In relation to rc k (G) and rvc k (G), we have trc k (G) ≥ max(rc k (G), rvc k (G)). Also, if rc k (G) = 2, then trc k (G) = 3. If rvc k (G) ≥ 2, then trc k (G) ≥ 5.
In the rest of this paper, we will study the function trc k (G) when G is a cycle, a wheel, a complete bipartite graph, and a complete multipartite graph. We will also compare the functions trc k (G), rc k (G), and rvc k (G), by considering how close and how far apart trc k (G) can be from each of rc k (G), rvc k (G), and max(rc k (G), rvc k (G)).
Total Rainbow k-connection Numbers of some Graphs
In this section, we first derive the upper bound on trc(G) as mentioned in Introduction. Then, we study the function trc k (G) for some specific graphs G. Proposition 1. Let G be a connected graph on n vertices, with q vertices having degree at least 2. Then, trc(G) ≤ n − 1 + q, with equality if and only if G is a tree.
Proof. The proposition is trivial for n = 1, 2. Now, let n ≥ 3.
First, we show that trc(G) ≤ n − 1 + q. Take a spanning tree T of G, and note that T has at most q non-leaves. Then, take a total colouring of G with at most n − 1 + q colours such that the edges and non-leaves of T have distinct colours. We have a total-rainbow connected colouring for G. Now, let G be a tree. Suppose that we have a total colouring for G with fewer than n − 1 + q colours. Then, either there are two edges, or two non-leaves, or an edge and a non-leaf, with the same colour. In each case, we can find two vertices u, v ∈ V (G) such that the unique u − v path in G is not total-rainbow. Hence, trc(G) ≥ n − 1 + q.
Conversely, if G is not a tree, then G contains a spanning unicyclic subgraph G . Let C be the unique cycle of G . We recall from Chartrand et al. [2, Proposition 2 .1] that rc(C 3 ) = 1 and rc(C p ) = p 2 for p ≥ 4, where C p is the cycle of order p. Now, consider a total colouring of G where C is given a rainbow connected colouring with rc(C) colours, and the vertices of degree at least 2 in G and the edges of E(G ) \ E(C) are given distinct colours. Then, we have a total-rainbow connected colouring for G , and hence for G, with at most e(G ) − e(C) + rc(C) + q ≤ n − 2 + q colours. Therefore, trc(G) < n − 1 + q. Now, we study the function trc k (G) for some specific graphs G. Let κ(G) = max{k : G is k-connected} denote the vertex connectivity of G. Note that trc k (G) is well-defined if and only if 1 ≤ k ≤ κ(G). We first consider the case when G is a cycle. Let C n denote the cycle of order n, and note that κ(C n ) = 2.
Theorem 2.
(a) For 3 ≤ n ≤ 12, the values of trc(C n ) are given in the following table.
n 3 4 5 6 7 8 9 10 11 12 trc(C n ) 1 3 3 5 6 7 8 9 11 11
For n ≥ 13, we have trc(C n ) = n.
(b) trc 2 (C 3 ) = 3, trc 2 (C 4 ) = 6, and trc 2 (C n ) = 2n for n ≥ 5.
Proof. Throughout, let the vertices of C n be v 0 , . . . , v n−1 , with the indices taken cyclically modulo n.
(a) One can easily verify that trc(C 3 ) = 1 and trc(C 4 ) = trc(C 5 ) = 3. Now, let n ≥ 6. We first prove the upper bounds. Define a total colouring c n of C n , using colours 0, 1, 2, . . . , as follows. For 6 ≤ n ≤ 10 or n = 12, let c n (v 0 ) = c n (v n/3 ) = c n (v 2n/3 ) = 0, and c n (v 1 ) = c n (v n/3 +1 ) = c n (v 2n/3 +1 ) = 1. Then, colour v 0 v 1 , v 1 v 2 , v 2 , v 2 v 3 , v 3 , . . . , v n−1 , v n−1 v 0 with the colours 2, 3, . . . , n − 2, 2, 3, . . . , n − 2, omitting v 0 , v 1 , v n/3 , v n/3 +1 , v 2n/3 and v 2n/3 +1 . Note that each of the colours 2, 3, . . . , n − 2 appear exactly twice. See Figure  1 . Then, every path of length at most n 2 − 1 is total-rainbow, and when n is even, any two opposite vertices v i , v i+n/2 (0 ≤ i ≤ n − 1) are connected by a total-rainbow path. Hence, c n is total-rainbow connected, and trc(C n ) ≤ n − 1. 
Figure 1. Total-rainbow connected colourings of C n , for 6 ≤ n ≤ 10 and n = 12.
For n = 11 or n ≥ 13, and 0
, and the internal vertices have colours i + n 2 + 1, . . . , i + n − 1 (mod n). Hence, Q i is a total-rainbow path. Since any two vertices v j and v are contained in some Q i , there exists a total-rainbow v j − v path. Hence, c n is total-rainbow connected, and trc(C n ) ≤ n. Now we prove the lower bounds. We have trc(C n ) ≥ 2 diam(C n ) − 1 = 2 n 2 − 1, and this gives the matching lower bound for n = 6, 8, 10, 12. To see that trc(C 7 ) ≥ 6 (resp. trc(C 9 ) ≥ 8), one can check that in any total colouring of C 7 (resp. C 9 ) with at most five (resp. seven) colours, there exists a path of length 3 (resp. 4) which is not total-rainbow, so that the end-vertices of such a path are not connected by a total-rainbow path. Finally, for n = 11 or n ≥ 13, take a total colouring of C n with fewer than n colours. Then for some m ∈ {0, 1, 2, 3}, we have m edges and 3 − m vertices with the same colour. Without loss of generality, for some 1 < i ≤ − 5 > n − 1 edges and internal vertices, and hence is also not total-rainbow. Therefore, trc(C n ) ≥ n.
(b) One can easily verify that trc 2 (C 3 ) = 3 and trc 2 (C 4 ) = 6. For n ≥ 5, we clearly have trc 2 (C n ) ≤ 2n. If we have a total colouring of C n with fewer than 2n colours, then some a, b ∈ E(C n ) ∪ V (C n ) have the same colour. There exist vertices v i and v j such that one of the two v i − v j paths, say P , satisfies a, b ∈ E(P ) ∪ V (P − {v i , v j }), so that P is not total-rainbow. Hence, trc(C n ) ≥ 2n.
A graph closely related to the cycle C n is the wheel W n . This is the graph obtained from C n by joining a new vertex v to every vertex of C n . The vertex v is the centre of W n . We now determine trc k (W n ). Observe that κ(W n ) = 3.
Theorem 3.
(a) trc(W 3 ) = 1, trc(W n ) = 3 for 4 ≤ n ≤ 6, trc(W n ) = 4 for 7 ≤ n ≤ 9, and trc(W n ) = 5 for n ≥ 10.
, and trc 2 (W n ) = trc(C n ) for n ≥ 6 (hence, trc 2 (W n ) is determined and given by Theorem 2(a) for n ≥ 6).
(c) trc 3 (W 3 ) = 4, trc 3 (W 4 ) = 6, and trc 3 (W n ) = 2n for n ≥ 5.
Proof. Let v be the centre of W n , and the vertices of the cycle C n be v 0 , . . . , v n−1 . Throughout this proof, indices of the vertices are taken cyclically modulo n.
(a) Clearly, we have trc(W 3 ) = 1. Now, let n ≥ 4. We first prove the upper bounds. Define a total colouring f n of W n , using colours 0, 1, 2, . . . , as follows. For 4 ≤ n ≤ 9 and
, and f n (v) = 4. See Figure 2 for the cases n = 5, 7, 10. Then, f n is total-rainbow connected. Hence, trc(W n ) ≤ 3 for 4 ≤ n ≤ 6, trc(W n ) ≤ 4 for 7 ≤ n ≤ 9, and trc(W n ) ≤ 5 for n ≥ 10. Now, we prove the lower bounds. Clearly, we have trc(W n ) ≥ 3 for n ≥ 4. Suppose that we have a total-rainbow connected colouring f n of W n with colours 0, 1, . . . , b − 1, where b = 3 for 7 ≤ n ≤ 9, and b ∈ {3, 4} for n ≥ 10. Assume that f n (v) = 0. If f n (vv i ) = 0 for some 0 ≤ i ≤ n − 1, then there is no total-rainbow v i − v i+3 path. Hence, some four of the edges vv 0 , . . . , vv n−1 have the same colour. Assume that for some 3 ≤ i ≤ n − 3, we have f n (vv 0 ) = f n (vv i ) = 1. But then, we do not have a total-rainbow v 0 − v i path, a contradiction. Hence, trc(W n ) ≥ 4 for 7 ≤ n ≤ 9, and trc(W n ) ≥ 5 for n ≥ 10.
(b) We first prove the upper bounds. For n ≥ 3, we define a total colouring g n of W n , using colours 0, 1, 2, . . . , as follows. For g 3 , g 4 and g 5 , we take the total-rainbow 2-connected colourings as shown in Figure 3 For 6 ≤ n ≤ 10 and n = 12, let g n ≡ c n when we restrict g n to the cycle C n , where c n is the total colouring on C n as defined in Theorem 2(a). Let g n (v) = 0, and colour the edges vv i , for 0 ≤ i ≤ n − 1, as in Figure 4 . Note that g n uses trc(C n ) = n − 1 colours. In each case, g n is total-rainbow 2-connected. Figure 4 . Total-rainbow 2-connected colourings of W n , for 6 ≤ n ≤ 10 and n = 12.
For n = 11 or n ≥ 13, let g n ≡ c n on the cycle C n as before. Let g n (vv i ) = i for 0 ≤ i ≤ n − 2, g n (vv n−1 ) = n 2 − 1 and g n (v) = n − 1. Note that g n uses trc(C n ) = n colours. We claim that g n is total-rainbow 2-connected. For two vertices v i and v j , two of v i v i+1 · · · v j , v j v j+1 · · · v i and v i vv j are total-rainbow. For v and a vertex v i , we have vv i and vv i+1 v i are total-rainbow, except for i = n − 2 and n even, in which case we take vv n−2 and vv 0 v n−1 v n−2 . Hence, we have trc 2 (W n ) ≤ trc(C n ) = n. Now, we prove the lower bounds. Clearly, we have trc 2 (W 3 ) ≥ 3 and trc 2 (W 4 ) ≥ 3. If we have a total colouring of W 5 with fewer than five colours, then without loss of generality, vv 0 and vv i have the same colour for i = 1 or i = 2, and we do not have two disjoint total-rainbow v 0 − v i paths. Hence, trc 2 (W 5 ) ≥ 5. Now let n ≥ 6. If we have a total colouring of W n with fewer than trc(C n ) colours, then there exist v i and v j where both of the v i − v j paths in the C n , say P and P , are not total-rainbow. Since any two disjoint v i − v j paths in W n must include at least one of P and P , we cannot have two disjoint total-rainbow v i − v j paths in W n . Hence, trc 2 (W n ) ≥ trc(C n ).
(c) We first prove the upper bounds. For n ≥ 3, we define a total colouring h n of W n , using colours 0, 1, 2, . . . , as follows. For h 3 and h 4 , we take the total-rainbow 3-connected colourings as shown in Figure 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . For n ≥ 5, let h n (v i ) = i, h n (v i v i+1 ) = i + n and h n (vv i ) = i + 1 for every 0 ≤ i ≤ n − 1, and h n (v) = 0. Then h n is total-rainbow 3-connected, and trc 3 (W n ) ≤ 2n. Now, we prove the lower bounds. Clearly, for a total-rainbow 3-connected colouring of W 3 , we need v 0 vv 1 , v 1 vv 2 and v 2 vv 0 to be total-rainbow. This implies that trc 3 (W 3 ) ≥ 4. For n ≥ 4, suppose that we have a total colouring of W n , using fewer than trc 2 (C n ) colours. Then, there exist v i and v j such that one of the v i − v j paths along the C n is not totalrainbow. Hence, we cannot have three disjoint total-rainbow v i − v j paths in W n , and by Theorem 2(b), trc 3 (W 4 ) ≥ 6 and trc 3 (W n ) ≥ 2n for n ≥ 5.
Next, we consider the function trc k (G) when G is a complete bipartite graph K m,n , where 1 ≤ m ≤ n. Note that κ(K m,n ) = m. We first determine trc(K m,n ) exactly. Clearly, trc(K 1,1 ) = 1 and trc(K 1,n ) = n + 1 if n ≥ 2. For m ≥ 2, we have the following result. We first prove the upper bound. Note that whenever we have constructed a total colouring of K m,n and want to show that it is total-rainbow connected, it suffices to verify that any two vertices in the same class of K m,n are connected by a total-rainbow path, since any two vertices in different classes are adjacent.
For m ≤ n ≤ 6 m , we define a total colouring f of K m,n with b + 1 colours as follows. Assign to the vertices of V distinct vectors of length m, with entries from {1, . . . , b}, such that the vectors (2, 1, . . . , 1), (1, 2, 1, . . . , 1) , . . . , (1, . . . , 1, 2) are all present. For v ∈ V , let v denote the vector assigned to v. For u i ∈ U and v ∈ V , let f (u i v) = v i (where v i denotes the ith coordinate of v ). Let f (w) = b + 1 for all w ∈ V (K m,n ). Now for u i , u j ∈ U , the path u i zu j is total-rainbow, where z ∈ V is assigned the vector z = (1, . . . , 1, 2, 1, . . . , 1), with the 2 in the ith position. For x, y ∈ V , there exists 1 ≤ i ≤ m such that x i = y i , and the path xu i y is total-rainbow. Hence, f is total-rainbow connected, and trc(K m,n ) ≤ b + 1.
For n > 6 m , we define a total colouring f of K m,n with seven colours as follows. Let V = V ∪ V , where |V | = 3 m . Assign the 3 m distinct vectors of length m with entries from {1, 2, 3} to the vertices of V , and the vector (4, 3, . . . , 3) (with length m) to every vertex of V . Again for v ∈ V , let v be the vector assigned to v. For u i ∈ U and v ∈ V , let f (u i v) = v i . Let f (u 1 ) = 5, f (u i ) = 6 for 2 ≤ i ≤ m, and f (w) = 7 for all w ∈ V . Then as before, any two vertices u i , u j ∈ U , and any two vertices x, y ∈ V , are connected by a totalrainbow path. Now, for x ∈ V and y ∈ V , the path xu 1 y is total-rainbow. For x, y ∈ V , the path xu 1 zu 2 y is total-rainbow, where z ∈ V is assigned the vector z = (2, 1, . . . , 1) . Hence, f is total-rainbow connected, and trc(K m,n ) ≤ 7. Now, we prove the lower bound. If m ≤ n ≤ 2 m , then trc(K m,n ) ≥ 3 = b + 1. Next, let 2 m < n ≤ 6 m . Then (b − 1) m < n ≤ b m , with b ∈ {3, 4, 5, 6}. Let g be a total colouring of K m,n , using colours from {1, . . . , b}. For v ∈ V , assign v with the vector v of length m, where v i = g(u i v) for 1 ≤ i ≤ m. For two partitions P and P of V , we say that P refines P , written as P ≺ P, if for all A ∈ P, we have A ⊆ B for some B ∈ P . In other words, P can be obtained from P by partitioning some of the sets of P . We define a sequence of refining partitions P 0 ≺ P 1 ≺ · · · ≺ P m of V , with |P i | ≤ (b − 1) i for 0 ≤ i ≤ m, as follows. Initially, set P 0 = {V }. Now, for 1 ≤ i ≤ m, suppose that we have defined P i−1 with |P i−1 | ≤ (b − 1) i−1 . Let P i−1 = {A 1 , . . . , A }, where ≤ (b − 1) i−1 . Define P i as follows. For 1 ≤ q ≤ and A q ∈ P i−1 , let
Let P i = {B q r : 1 ≤ q ≤ , 1 ≤ r ≤ b − 1 and B q r = ∅}, so that P i is a partition of V with |P i | ≤ (b − 1) i and P i−1 ≺ P i . Proceeding inductively, we obtain the partitions P 0 ≺ P 1 ≺ · · · ≺ P m of V , with |P i | ≤ (b − 1) i for 0 ≤ i ≤ m. Now, observe that for every 1 ≤ i ≤ m, and any two vertices y and z in the same set in P i , the path yu i z is not total-rainbow, since g(yu i ) = y i and g(zu i ) = z i are either in {g(u i ), g(u i ) + 1} (mod b), or they are both g(u i ) + r (mod b) for some 2 ≤ r ≤ b − 1. Since n > (b − 1) m ≥ |P m |, there exists a set in P m with at least two vertices w and x, and since P 1 ≺ · · · ≺ P m , this means that w and x are in the same set in P i for every 1 ≤ i ≤ m. Therefore, wu i x is not a total-rainbow path for every 1 ≤ i ≤ m. Since any other w − x path has length at least 4, and g uses only at most b ≤ 6 colours, we cannot have a total-rainbow w − x path. Hence, g is not total-rainbow connected, and trc(K m,n ) ≥ b + 1.
Finally, let n > 6 m . Let g be a total colouring of K m,n , using colours from {1, . . . , 6}. For v ∈ V , assign to v the vector v of length m, where v i = g (u i v) for 1 ≤ i ≤ m. Then, there exist x, y ∈ V with x = y , and hence the path xu i y is not total-rainbow for any 1 ≤ i ≤ m. Since any other x − y path has length at least 4, and g uses only at most six colours, we cannot have a total-rainbow x−y path. Hence, g is not total-rainbow connected, and trc(K m,n ) ≥ 7. Now, we consider trc k (K m,n ) for 2 ≤ k ≤ m ≤ n. We may consider the related problems of finding rc k (K m,n ) and rvc k (K m,n ) for 1 ≤ k ≤ m ≤ n. It is easy to see that rvc(K 1,1 ) = 0, rvc(K m,n ) = 1 if n ≥ 2, and rvc k (K m,n ) = 2 for k ≥ 2. Also, we have rc(K 1,n ) = n, and Chartrand et al. [2] proved that rc(K m,n ) = min( m √ n , 4) if 2 ≤ m ≤ n. For k ≥ 2, the determination of rc k (K m,n ) has been well-studied and remains an open problem. Partial solutions for the balanced case rc k (K n,n ) have been obtained by Chartrand et al. [3] , Li and Sun [10] , and Fujita et al. [5] Proof. By the result of Fujita et al., we have rc k (K n,n ) = 3. We can take a rainbow kconnected colouring of K n,n with three colours, and colour the vertices with two further colours, with the vertices within each class having the same colour. This gives trc k (K n,n ) ≤ Theorem 7. Let t ≥ 3, 1 ≤ n 1 ≤ · · · ≤ n t , m = t−1 i=1 n i and n = n t . Then, Proof. Write G for K n 1 ,...,nt , and let V i be the ith class (with n i vertices) for 1 ≤ i ≤ t. If n = 1, then G = K t and trc(G) = 1. For the case n ≥ 2 and m > n, Chartrand et al. [2, Theorem 2.7] proved that rc(G) = 2. This implies that trc(G) = 3. Now, let m ≤ n. Let b = m colouring of G with at most four colours. We obtain K m,n as before and apply the same argument as in the end of Theorem 4. Then there are u, v ∈ V t which are not connected by a total-rainbow path of length 2. Since we have used only at most four colours, again we cannot have a total-rainbow u − v path in G. Hence, trc(G) ≥ 5. Now, we consider trc k (K n 1 ,...,nt ) for 2 ≤ k ≤ m. Again, we have the related problems of finding rc k (K n 1 ,...,nt ) and rvc k (K n 1 ,...,nt ) for 1 ≤ k ≤ m, and these have been well-studied. The function rvc k (K n 1 ,...,nt ) has been completely determined by Liu et al. [12] . Roughly speaking, for 1 ≤ s ≤ t, if n i = 1 for i ≤ t − s and n i = 2 for i > t − s, then we have rvc k (K n 1 ,...,nt ) = s. Otherwise, we have rvc k (K n 1 ,...,nt ) ∈ {1, 2, 3, 4}. Also, Chartrand et al. [2] proved that For example, if we set t = 3 and ε = 1 6 in Corollary 8, then for k ≥ 169 and n ≥ 3k − 3, we have trc k (K 3×n ) = 3.
For general complete multipartite graphs, Fujita et al. [5, Problem 5.3] asked the following question for rc k (K n 1 ,...,nt ): "For t ≥ 3, k ≥ 2 and sufficiently large n 1 , is it true that rc k (K n 1 ,...,nt ) ∈ {2, 3}?" Here, we ask a similar question for trc k (K n 1 ,...,nt ).
Problem 9. For t ≥ 3, 1 ≤ n 1 ≤ · · · ≤ n t and 2 ≤ k ≤ m, where m = t−1 i=1 n i , is it true that trc k (K n 1 ,...,nt ) ∈ {3, 4, 5} for sufficiently large n 1 ? Also, for which values of n 1 , . . . , n t does trc k (K n 1 ,...,nt ) take a particular value in {3, 4, 5}?
To end this section, we mention the analogous situation for complete graphs. Obviously, we have rc(K n ) = 1, rvc(K n ) = 0, and rvc k (K n ) = 1 if k ≥ 2. The problem of determining rc k (K n ) for k ≥ 2 has also been well-studied. Chartrand et al. [3] proved that if k ≥ 2 and n ≥ (k + 1) 2 , then we have rc k (K n ) = 2. The bound n ≥ (k + 1) 2 was subsequently improved to n ≥ ck 3/2 + o(k 3/2 ) (for some constant c) by Li and Sun [9] , and then to n ≥ (2 + o(1))k by Dellamonica et al. [4, Theorem 2] . This latter bound for n is asymptotically best possible, and we have the following corollary.
Corollary 10. For k ≥ 2, we have trc k (K n ) = 3 for n ≥ (2 + o(1))k.
3 Comparing rc k (G), rvc k (G), and trc k (G)
In [7] , Krivelevich and Yuster observed that we cannot upper-bound one of the functions rc(G) and rvc(G) in terms of the other, by providing examples of graphs G where rc(G) is much larger than rvc(G), and vice versa. By taking G to be the star K 1,s , we have rc(G) = s and rvc(G) = 1. On the other hand, let G be constructed as follows. Take s vertex-disjoint triangles and, by designating a vertex from each triangle, add a complete graph on the designated vertices. Then rc(G) ≤ 4 and rvc(G) = s. Subsequently, Liu et al. [12] compared the functions rc k (G) and rvc k (G) by extending these examples of Krivelevich and Yuster, and they obtained similar results.
Here, we similarly compare trc k (G) with rc k (G) and rvc k (G). Recall that for any kconnected graph G, we have trc k (G) ≥ max(rc k (G), rvc k (G)).
(
The first question we may ask is, how tight are the inequalities trc k (G) ≥ rc k (G) and trc k (G) ≥ rvc k (G)? Theorem 11 below shows that the second inequality is the best possible in the sense that, for every sufficiently large s, there exists an example of a graph G where trc k (G) = rvc k (G) = s. This is somewhat surprising since in total colourings, we colour edges and vertices of graphs, as opposed to only vertices for vertex-colourings, so we could possibly expect that trc k (G) > rvc k (G) if rvc k (G) is sufficiently large.
Theorem 11. For every s ≥ 11k +1470, there exists a graph G with trc k (G) = rvc k (G) = s.
To prove Theorem 11, we need the result of Chartrand et al. [3] which was mentioned at the end of Section 2, as well as an auxiliary lemma.
Theorem 12 (Chartrand et al. [3, Theorem 2.4]).
For k ≥ 2 and n ≥ (k + 1) 2 , we have rc k (K n ) = 2.
Lemma 13. Let k ≥ 2, s ≥ 11k + 1470, and u 1 , . . . , u s be the vertices of the complete graph K s . For 1 ≤ i ≤ s, let L(u i ) ⊂ {1, . . . , s}, where L(u i ) = {i, i + 1, . . . , i + k + 4} modulo s. Then, there exists an edge-colouring of K s , using at most 11k + 1470 colours from {1, . . . , s} such that, for every y, z ∈ V (K s ), the following property holds.
(P) There exist 3k + 10 disjoint rainbow y − z paths of length 2, say yv 1 z, . . . , yv 3k+10 z for some v 1 , . . . , v 3k+10 ∈ V (K s ), such that for every 1 ≤ j ≤ 3k + 10, the path yv j z does not use the colours from L(y) ∪ L(z) ∪ L(v j ).
Proof. We take a random edge-colouring of K s with 11k +1470 colours. For y, z ∈ V (K s ), let E y,z be the event that the property (P) does not hold. For fixed y and z, we can choose a set L ⊂ {1, . . . , s} such that L(y)∪L(z) ⊂ L and |L| = 2k +10, and then a set S ⊂ V (K s )\{y, z} such that |S| = s − 4k − 18, and L(v) ∩ L = ∅ for all v ∈ S. For v ∈ S, we say that the path yvz is good if it is rainbow, and does not use the colours of L(v) ∪ L. The probability that the path yvz is good is p = (8k+1455) 2 −(8k+1455) (11k+1470) 2
, and for different v in S, these probabilities are independent. Let X be the number of good y − z paths. Then, X ∼ Bi(s − 4k − 18, p). By the Chernoff bound (see for example, [6, Theorem 2.1]), we have P(E y,z ) ≤ P(X ≤ 3k + 9) ≤ P(X ≤ (1 − ε)(s − 4k − 18)p)
where ε is a constant such that 0 < ε < 1 − 
and we may take ε = if s ≥ 11k + 1470 and k ≥ 2. Hence, there exists an edge-colouring of K s , using at most 11k + 1470 colours, such that the property (P) holds for all y, z ∈ V (K s ).
We remark that in Lemma 13, the constant 11 can be replaced by any constant greater than θ, where θ ≈ 10.08 is the largest solution of the cubic equation (x−3) 2 (x−4)−3x 2 = 0. Using any such constant in place of 11 will ensure that the term corresponding to ε can be found, as in the calculation in (2). The constant 1470 will then have to be replaced by another constant.
Let u ∈ X i ∪ Y i and v ∈ V j for some i = j, with v = v
